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Tém tit néi dung

Trong bai viét nay tac gid chiing minh lai bai s6 3 trong ki thi chon HSG Qubc gia nam 2012. Dong thai
chiing ta sé khai thac bai toan trong trudng hgp tdng quat.

1 Chtng minh bai toan

Bai toan.

Trong mat phing, cho ti giac 16i ABC'D noi tiép dudng tron tam O va ¢ cac cidp canh déi khong song
song. Goi M, N tuong ting la giao diém ciia cac dudng théng AB vd CD, AD va BC. Goi P,Q, S, T tuong
ting la giao diém cac dudng phan giic trong ctia cac cip MAN va MBN , MBN va m, MCN va m,
MDN va MAN. Gia stt bén didm P,Q, S, T doi mot phan biat.

1) Chiing minh ring bén diém P,Q, S, T ciing ndm trén mot dudng tron. Goi I 1a tam cta dudng tron
do.

2) Goi E la giao diém ciia cac dudng chéo AC va BD. Chitng minh ring ba diém E, O, I thdng hang.

Chirng minh.

a. Khong mét tdng quét ta c6 thé gid st D niim gitta M va C, B nim gita N va C. Cac trudng hop con
lai chitng minh tuong tu.
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Tuwong tw, PTS = EBMC. Do d6 PTS = PQS. Kéo theo 4 diem P, R, S, T cung thuéc mot dudng tron.
Ta c6 dpcm.

b. Do Q 1a giao clia phan gidc goc MCB vi MBN nén Q la tam dudng tron bang tiép géc C clia tam
gidc M BC. Suy ra M@ la phan giic ngoai cia gbc BMC.

Tuong ty, MT la phan giac ngoai ciia goc BMC. Do d6 M, T, Q thing hang.

Do T 1a tam dudng tron bang tiép géc D ciia tam gidc MDA nén st dung cong goc ta dé dang suy ra
MTA =90° — S MDA = QBA.

Do dé tit gidc TQBA noi tiép. Ta suy ra MT.MQ = MA.MB hay M nim trén truc ding phuong ciia
hai dudng tron (O) va (I). Tuong tuy, N nim trén truc déng phuong clia hai dudng tron (O) va (I). Suy ra
MN 1 OI.



Dé chitng minh O, I, E thing hang, ta sé chiitng minh OF 1. M N. Day 1a mot két qua quen thudc cé ten
13 dinh 1y Brocard. C6 nhidu cach dé chitng minh két qua nay. O day ching toi gidi thiu cach giai bing cuc
va dbi cuc.

Do AC giao BD tai E nén E lan lugt ndm trén dudng ddi cuc ctia M, N dbi véi duong tron (O). Suy ra
MN 1la dudng dbi cuc ctia E déi véi (O), tit d6 OE L M N. Vay ta c6 dpcm.

Nhan xét. Bai s6 3 1a mot bai todn khong khé nhung kha tht vi. Cau a tuong dbéi don gian, chi can
nhing bién ddi géc thong thudng va khong can diéu kién t¢ gidc ABCD noi tiép. Cau b doi hdi st dung
dinh 1y Brocard nhung day 13 mot két qud quen thudéc. Ching minh OI L M N bing cach sit dung phuong
tich ciing 13 huéng di don gidn va tir nhién. Tuy nhién, ¥ tudng clia bai toan khong méi, n6é bit ngudn tir bai
todn 2978 trén tap chi Crux Mathematicorum nam 2004 volume 30.

2 Khai thac bai toan

Chiing ta nhan thiy cau a clia bai toan khong dung dén didu kién "t gisc ABCD nai tiép". Didu do co
nghia 1 né van ding trong trudng hgp ti gidc ABCD bt ki. Mot cach tuong tu, ban doc c6 thé dé dang
chitng minh céc két qua sau day:

Cho ti& gidc ABCD béat ki thi:

4 phan giac trong géc A, B, C, D cit nhau tai 4 diém thudc dusng tron (I1).

4 phan gidc ngoai géc A, B, C, D cit nhau tai 4 diém thudc dudng tron (I2).

2 phan giac trong géc A, C cit 2 phan giac ngoai goc B, D tai 4 diém thudc dudng tron (

2 phan gi4c trong géc B, D cit 2 phan gidc ngoai géc A, C tai 4 diém thudc dudng tron (

2 phan gi4c trong géc A, B cit 2 phan gidc ngoai géc C, D tai 4 diém thudc dusng tron (

2 phan giac trong géc B, C cit 2 phan gidc ngoai géc D, A tai 4 diém thudc dudng tron (
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2 phan giac trong géc C, D cit 2 phan gidc ngoai géc A, B tai 4 diém thuoc duong tron (I7).

2 phan gidc trong géc D, A cit 2 phan gidc ngoai géc B, C tai 4 diém thuoc dudng tron (Ig).

Chiing ta sé khong chitng minh lai cic két qua trén ma sé ban dén nhing tinh chit xoay quanh 8 dudng
tron.

Tinh chét 1. Bén diém I, Iz, I3, I; thiing hang trén dudng thang d (ta goi bdn dudng tron (I1), (I2), (I3), (I1)
la b dudng tron wi). Bén diém Is,Is, I7,Is thing hang trén dudng thing ! ( ta goi bén dudng tron
(Is), (Is), (I7), (Is) 1a bo dudng tron w2). Dong thai d L 1.

Ching minh.

Theo cach dinh nghia trén, ta thiy ring hai dudng tron bat ki (I,) va (I,) thudc hai bo wi vh we déu co
mot diém chung. Do d6 trudc tién ta phat biéu mot bo dé.

Bd dé 1. Hai dudng tron (1) va (I,) tryc giao (nghia la néu goi J 1a giao diém ciia hai dudng tron thi
L.JI, = 90°).

Ching minh b dé.

~

Ta chiing minh bd dé véi trudsng hop (I1) va (I) (Cac trudng hgp con lai chiing minh tuong tu).
Ki hiéu dx 1a phan giac trong géc X, lx la phan giac ngoai goc X (X la cac dinh cua td¢ gidc ABCD).



Goi M, N, P,Q, H, K, L 1an lugt 14 giao diém ctia cac cap (da,dr), (ds,dc), (dc,dp), (dp,da), (dc,lp), (la,ds), (la,lp);
E, F lan luct 1 giao diém cta AD va BC, AB va CD.
Ta can chitng minh I; NI = 90°.
N 3 — 1——
Chu y rang M 1a tam dudng tron bang tiép géc E cua tam gidc AEB nén AM B = 90° — QAEB. T d6

LNQ =90° — NMQ = 90° — AMB = %KEF. (1)
Mzt khac, K 13 tam dudng tron bang tiép géc A cla tam gisc AEB nén AKB = %A/EE Tu do
ngoo_ngoo_%@. @)

Tit (1) va (2) suy ra LNQ + IgNL = 90°.

Vay LI NTs = 90°.

Tré lai bai toan.

Theo bd dé tren thi I1 N 13 tiép tuyén ké tit I; t6i duong tron (Is). Tuong tw, [1 M, I} P,1,Q 1an lugt
1 tiép tuyén ké tit Iy tdi cdc dudng tron (I5), (I7), (Is). Vay I c6 cuing phuong tich t6i bo dudng tron ws.
Tuong tu, Iz c6 cling phuong tich tdi t6i bo dudng tron ws. Nghia 1a I 1> 1a truc ding phuong ciia bo bén
dudng tron we, suy ra bén diém Is, Is, Ir, Is ciing ndm trén dudng thing [ vuong géc véi I; I.. Tuong tu ta
ciing thu dugc Iy, I, I, I thing hang trén duong thing d. Vay d L I. Ta c¢6 dpcm.

Nhan xét. Diéu thi vi 1a bo dudng tron wy ¢6 chung truc ddng phuong [ con bo dudng tron we ¢é chung
truc déng phuong d.

Trudc khi dén véi tinh chét 2, ta phat bidu lai diém Miquel clia t gidc toan phan ABCDEF nhu sau:

Cho ttt giac ABCD. Goi E la giao diém ctia AD va BC, F la giao diém ctia AB va CD. Khi d6 bén
duong tron ngoai tiép cac tam gidc ABE,CBF,CDE, ADF dong quy tai mot diém J goi 13 diém Miquel
clia t1t gidc toan phan ABCDEF.

Tinh chéit 2. St dung ki hiéu nhu 15i gii tinh chat 1. Ta c¢6 giao diém ciia d va I 1a diém Miquel cla tit
gidc toan phan ABCDEF.

Ching minh.

Trudc tién ta phat bidu va chitng minh mot bé dé.

BS dé 2. I, JI, = 90°.

Ching minh b dé.

Ta s& chitng minh bd dé véi I, = I1, I, = Is. Céc trudng hgp con lai duge chitng minh tuong tu.

Goi T la giao diém tht hai ctia (I1) va (Is). dc cit (EDC) lan thit hai tai U, FL cit (ADF) 1an thit hai
tai V.

Do P 1a tam dudng tron noi tiép ciia tam gidsc EDC nén U 1a tam dudng tron ngoai tiép ciia tam gidc
EPD. Ma HEP = HDP = 90° nén U la trung diém HQ. Tuong ty, V 1a trung diém LQ.

Tac6 HIT'N =90° — [sNH,NTP =90° — 1 NP.



Suy ra HIP = HTN + NTP = 180° — [,NH — LNP = I, NIg = 90°.

Tit 46 NUT = 2NHT = NIoT. Suy ra U nidm trén (NIT) hay dudng tron dudng kinh Il;.

Ttrdng tu, V nam trén dLrOng tron duorlg kinh 1611

Ta c6 UJV =UJD — VJD = DCU — DFV = PNQ VNU.

Vay J nam trén dudng tron dudng kinh Isl;. Suy ra Il JIg = 90°.

Tré lai bai toan.

Theo bd dé 2, ta c6 m = 90°. Tuong tu ta cling c6 ITJT;, = 90°. Vay ba diém Is, Is, J thing hang hay
J € 1. Tuong tu, J € d. Vay J la giao diém ctia d va [.

Tinh chéat 3. Ki higu Ty 13 phuong tich tit J t6i bo dudng tron wi,T'e 1 phuong tich tit J t6i bo dudng
tron we. Khi d6 I'y +1'2 = 0.

Ching minh.

Tit b dé 1 va 2 ta 6 L[ NIg = IJIs = 90°.

Suy ra I1N? + [iN? = [1IZ = [ J? + IsJ? hay I, J? — [LN? + I¢J*> — [sN? = 0.

Vay F1 —+ FQ = 0

L&i ban. Ta quay lai bai s6 3 VMO 2012. Trong trudng hop nay, tam ctia bé dudng tron wi nim trén
dudng thing OF. Goi J la giao ctia (NAB) va MN. D& dang chitng minh dugc tit gidc M JAD nai tiép hay
J 1a diém Miquel ciia tit giac toan phan ABCDEF. Theo tinh chat 2, J 13 giao diém ctia OF va l. Theo
dinh 1y Brocard, OE 1. M N vay MN = [. Ta thu dugc tam clia bo dudng tron we nim trén dudng thing
MN.

Nhu vay, tit mot bai toan tudng chitng don gian, néu biét dao sau suy nghi ching ta c6 thé tim ra dudc
nhiéu diéu thia vi an chita bén trong né.

Cudi cling, tac gia xin chan thanh cdm on thiay Tran Quang Hung, GV truong THPT chuyén KHTN,
DHQG Ha Noi vi nhiing trao déi quy bau ctia thay cho bai todn md rong.
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